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ABSTRACT: In Type III seesaw model, there are tree level flavor changing neutral currents
(FCNC) in the lepton sector, due to mixing of charged particles in the leptonic triplet
introduced to realize seesaw mechanism, with the usual charged leptons. In this work we
study these FCNC effects in a systematic way using available experimental data. Several
FCNC processes have been studied before. The new processes considered in this work
include: lepton flavor violating processes 7 — Pl, 7 — VI,V — ', P - ') M —
M'll" and muonium-antimuonium oscillation. Results obtained are compared with previous
results from [; — ljlkl_l, li — iy, Z — 1" and p — e conversion. Our results show that the
most stringent constraint on the e-to-r FCNC effect comes from 7 — 7% decay. 7 — p%u
and 7 — 79 give very stringent constraints on the p-to-r FCNC effect, comparable with
that obtained from 7 — ppu studied previously. The constraint on the e-to-p FCNC effect
from processes considered in this work is much weaker than that obtained from processes
studies previously, in particular that from g — e conversion in atomic nuclei. We find that
in the canonical seesaw models the FCNC parameters, due to tiny neutrino masses, are
all predicted to be much smaller than the constraints obtained here, making such models
irrelevant. However, we also find that in certain special circumstances the tiny neutrino
masses do not directly constrain the FCNC parameters. In these situations, the constraints
from the FCNC studies can still play important roles.
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1 Introduction

Neutrino oscillation experiments involving neutrinos and antineutrinos coming from astro-
physical and terrestrial sources have found compelling evidence that neutrinos have finite
but small masses. To accommodate this observation, the minimal standard model (SM)
must be extended. Some sensible ways to do this include: (a) Type I seesaw with three
heavy right-handed (RH) Majorana neutrinos [1], (b) the use of an electroweak Higgs triplet
to directly provide the left-handed (LH) neutrinos with small Majorana masses (Type II
seesaw [2]), (c) introducing fermion triplets with zero hypercharge (Type III seesaw [3]),
(d) the generation of three Dirac neutrinos through an exact parallel of the SM method of
giving mass to charged fermions, and (e) the radiative generation of neutrino masses as per
the Zee or Babu models [4]. But in the absence of more experimental data, it is impossible
to tell which, if any, of these is actually correct. Different models should be studied using
available data or future ones. In this work, we carry out a systematic study of constraints
on possible new flavor changing neutral currents (FCNC) in Type III seesaw model.

The fermion triplet ¥ in Type III seesaw model transforms under the SM gauge group
SUB)c x SU(2)r x U(1)y as (1,3,0). We will assume that there are three copies of such
fermion triplets. The model has many interesting features [5], including the possibility of
having low seesaw scale of order a TeV to realize leptogenesis [6] and detectable effects at
LHC [7, 8] due to the fact that the heavy triplet leptons have gauge interactions being non-
trivial under the SU(2); gauge group, and the possibility of having new tree level FCNC



interactions in the lepton sector [9-11]. Some of the FCNC effects have been studied, such
as l[; — ljl_kll, li — iy, 2 — lil_j and p — e conversion processes. Several other FCNC
processes studied experimentally have not been studied in the context of Type III seesaw
model. We will study constraints on FCNC related to charged leptons in a systematic way
using available experimental bounds listed in ref. [12] by the particle data group.

Before studying constraints, let us describe the model in more detail to identify new
tree level FCNC in the lepton sector. The component fields of the righthanded triplet

> are,

B NO/\/§ E+ . NOC/\/§ E—¢
E‘( E- —NO/\/§>’ > _< Ete —NOC/x/§>’ 1)

and the renormalizable Lagrangian involving ¥ is given by
— 1 — J— U J— -
L =Tr [SiPY] - STr [SMeXe + XMz Y] - H'SV2Ys Ly — LpV2Ys 'S H,

where Ly, = (vr,1;)7T is the lepton doublet. H = (¢+,¢")T = (¢F, (v + h +in)/vV/2)T is
the Higgs doublet with v being the vacuum expectation value, and H = imo H*.
Defining £ = EEC + Ep and removing the would-be Goldstone bosons 7 and ¢*, one

obtains the Lagrangian

=5 _ M

+g <WJN—}%7HPRE + WJN—}O%CW”PLE + h.c.) —g W;::’EVHE

_ <%(v +h)N%Yswr + (v + h)EYslr, + h.c.> : (1.2)

One can easily identify the terms related to neutrino masses from the above. The mass

matrix is the seesaw form

- TU 14
£=-0p N (m?zﬂ YZME//QQ\/i> <N€> Fhe. (13)

The charged partners in the triplets mix with the SM charged leptons resulting in a

mass matrix of the following form

£ =—(Iz Ep) <}2’M\32> (éLL)Jrh.c.. (1.4)

One can diagonalize the fermion mass matrices and find the transformation matrices
between fields in weak interaction basis and in mass eigenstate basis defined as

iR U n vr, v
fl=u : =U
( Er ) b < B, n) \N% Ne )



where the primed fields indicate mass eigenstates. Ur, g are (3 + 3)-by-(3 + 3) matrices if

3 triplets are present, and can be written as

Ui ULk Urn Urike U, Un
Uy = ,Ur = , U= . 1.5
v (ULEl ULEE) f (UREl Urer Uny Unn (15)

To order v2Mg?, one has [9)]

Ui =1—¢€, Unup= Y;T;Mg_lv ; Urp = — My 'Yy, Upp=1-¢,
Upn =1, Urie = legT;Mizv ; Urm = — Mg *Ysmyuv U =1,
Upw = (1—-¢€/2)Upuns , U = YerMz_lv/\/ia
Uny = —Mg'YeU,,0/V2, Uvy =1-¢/2, (1.6)
where
€= YiMS Ve )2 = UNUly € = M WYeYiMG W2 = Ul Uy . (17)

Here Upprns denotes the lowest order Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing
matrix which is unitary. We have kept higher order corrections to the U,, matrix.

Using the above, one obtains the couplings of Z and physical Higgs h to the usual
charged leptons

_ 1
Lyc = Llryﬂ Py, ——+Sin26W_€ —|—PRSi1’129W lZM’
cosByy 2

L = 52— (Pymy (3¢ — 1) + Pr (3¢ — 1) my) lh . (18)
2 My

Here we have dropped the “prime” on the fermion mass eigenstates. € is a 3-by-3 matrix.
Non-zero off diagonal elements in e are the new sources of tree level FCNC in charged
lepton sector. The Z and Higgs coupling to quarks are the same as in the SM. We will use
available FCNC data in a systematic way to constrain the parameter €.

Several processes, such as l; — ljlkl_l, li — iy, 2 — Il and jt — e conversion in atomic
nuclei, have been studied and stringent constraints have been obtained for ¢;;; which will be
used as standards for constraints obtained from new lepton flavor violating (LFV) processes
considered here, 7 — Pl,7 — VI,V — ll', P — ll, M — M'll’ and muonium-antimuonium
oscillation. It turns out that with currently available experimental data, the LF'V processes
considered in this work involving 7 leptons provide very stringent constraints on the FCNC
parameter ¢;-. Our results show that the most stringent constraint on €., comes from
7 — nV decay. 7 — p°u and 7 — 79 give very stringent constraints on €7, comparable
with that obtained from 7 — ppip in previous studies. The strongest constraint on e,
comes from p — e conversion in atomic nuclei studied previously. We now present some
details for the new processes mentioned above.

2 Constraints from 7 — Pl and 7 — V1

Exchange of Z boson between quarks and leptons can induce 7 — Pl and 7 — V[ at tree

level, where a pseudoscalar meson P = 7% 1,7 and a vector meson V = p% w, ¢ and a



charged lepton [ = e, u. The decay amplitudes for 7 — M1 (where M denotes either V or
P) can be written in the following form

M = 2\/§GF €lr Z <M(pM)‘(j7a(I3PL - Qq Sin2 GW)Q‘O> ’ [Z(pl)ya(l - ’)/5)7'(]97)]

q:u7d7s

= 2V2Gr e > (M(py)|Tvalg? + 9%75)4l0) - [1(p)y*(1 = 75)7(p-)] (2.1)
q=u,d,s

where G is the Fermi constant, ), is the electric charge of g-quark in unit of proton
charge. Is = 1/2 and —1/2 for up and down type of quarks, respectively. The factor
gl = %— % sin? y and gt = —i for up type of quarks, and g¢ = —i—i—% sin? Oy and gt = %
for down type of quarks. The p;, p, and p,, are the momenta of 7, [ and M, respectively.

For 7= — 791, the decay constant f, is defined as
_ 7 fr
<7To(p7r)‘u7a'75u’0> = _<7To(p7r)‘d7a75d’0> = _Zﬁ(pﬂ)a (2:2)

and its value is f; = 130.4 MeV. For 7= — nl and 7= — 7'l, due to the n — n/ mixing, the
decay constants fY, and f*, are defined as
n n

<77(/) (pn(/))|ﬂ'ya’y5u|0> = <77(/) (pn(/))|J'7a'V5d|0> =i 71;(/) (pn('))aa

" (py)|57a755/0) = —i o) (P )as (2.3)
where
s fo . f3 fo .
[y = —=cosls — —=sinf, f)=—2-"=costly — —=sinby,
V6 V3 K V6 V3
£ = I o+ 22 costy, g5 = —2L5 sings + L2 cosy, (2.4)
U RV U A AE

with fg = 168 MeV, fo = 157 MeV, g = —22.2°, and 6y = —9.1° [13].
For 77 — V1 decays, the decay constants f,, f, and fy are defined by

() E7aul0) = —(0(p,)|drad]0) = %mp@)m

ke

<w(pw)|a7&u|0> = <w(pw)|d_r7ad|0> ﬂmw(ew)a,
(0(g)]57a510) = fome(€s)as (2.5)

where (ey ), is the polarization vector of V. We use f, = 205 MeV, f, = 195 MeV and
fo =231 MeV [14].

Exchange of Higgs boson can also induce ¢g coupling to lI’. However, Higgs-mediated
diagrams do not contribute to 7 — Pl and 7 — V[ because the bi-quark operator in this
case is of the form g which induces a vanishing matrix element for < P (or V)|gq|0 >.

The decay rate for 7~ — Pl (P = 7°,n,1/, and | = e, p), averaged over the spin of 7
and summed over the spin of [, is given by

Ghf?

2
2mmsz

P =ap 20 o, 2|7 [md 4 mi — 2mpm? — (m? + m2)m)] (2.6)



Process Branching Ratio | Constraint on [ ,|
= —nle” | <80x1078 leer| < 4.2 x 1074
=l | <11x1077 leur| < 7.0 x 1074
T —ne” <9.2x1078 leer| < 1.2 x 1073
T = npT <6.5x 1078 leur| < 9.7 x 1074
T~ —ne” <1.6x107"7 leer| < 1.0 x 1073
T —=np | <13x1077 leur] < 1.0 x 1073
T —ple” | <63x1078 leer| < 6.5 x 1074
= | <68x1078 leur| < 6.8 x 1074
TT — we” <1.1x1077 leer| < 3.2 x 1073
T = wp” <89 x1078 leur] < 2.5 x 1073
T — ¢e” <73x1078 leer| < 7.5 x 1074
T — oy~ <13x1077 | |eur| <1.0x1073

Table 1. Constraints from 7 — Pl and 7 — V1.

where [p)| = \/(m% +m% —m?)? — 4m2m3 /(2m,). In the above expression, the decay
constant fp is given by fp = fr with ap =1 for 7= — 7%, and fp = f;(,) with ap = 1/2
for 7= — n"1. In the case of 7~ — 01, the u and d quark contributions to the matrix
element (7)|Gv,75¢|0) cancel each other in eq. (2.1) so that only the s quark contribution
to the decay constant, f s(,), remains.

Similarly, the decay rate for 7= — VI (P = p°,w, ¢, and [ = e, u) is given by

G%f‘%m%/ 2= 2 2 2 1 2 2 2 2 2 2
P=ay="""5= lar " [B}] |mr+mi —my +—5(mz+my —m)(mz —my —my)|, (2.7)

-
T \%

\/(mz +m2, —m?)?2 — 4m2m? /(2m;). The decay constant fy is given by

where [p)| =
fv = f, with ay = (1/2 — sin? Oy)? for 7= — p°l, and fiy = f, with ay = (sin? Oy /3)?
for 77 — wl, and fy = f4 with ay = 2(1/4 — sin? y, /3)? for 7= — ¢l.

Using the current experimental bounds on the branching ratios, we find the constraints
on the parameters |e.,| and |e,,| which are shown in table 1. Notice that the constraint on

Ve~ is |eer| < 4.2 x 1074, which is more stringent than the so far

|eer| obtained from 77 — 7
most stringent bound obtained from 7 — eée as shown in table 4. The constraints on ||
obtained from 7= — 7%~ and 7= — p%u~ are comparable to the so far most stringent
bound shown in table 4. The upper bounds on \ee(M)T] from 7= — 7 and 77 — wl

are weaker.

3 Constraints from V — I’ and P — I’

Here V can be a vector meson .J/1 or T, and P can be a pseudoscalar meson 7°, 1 or 7.
The [ and I’ stand for charged leptons with different flavors [ # I’. These processes can be
induced by exchange Z boson between quarks and leptons. The general decay amplitude



Process Branching Ratio | Constraint on [ ,|
T(39) — etrT <5x 1076 leer| < 0.39
Y(39) — ptrT <41x1076 leur| < 0.35

J/U(1S) — eFuT | <1.1x1076 lecu| ~ O(1)
J/U(1S) — eF7rF | <83 x 1076 leer| ~ O(1)
J/U(1S) — ptr¥T | <2.0x107° leur| ~ O(1)
70— etpu~ <34x107° €| < 0.80
70— e put <38x10710 leeu| < 0.27
n— etut <6x107° e ~ O(1)
n — etuT <4.7x 1074 lecu ~ O(1)

Table 2. Constraints from V — I’ and P — 11’

for M — II' (where M denotes either V or P) is given by

M = 2V2GF ep Z (0|qVa (I3 P, — Qqsin® 0w )g|M (p,,)) - [@(p1)v* (1 — 75) v (p2)]

q=u,d,s,c,b
= 2V2GF ep Z (0177 (gL + g%7s5)q| M (py,)) - [ (p1)y* (1 —v5)vr(p2)],  (3.1)

q=u,d,s,c,b
where we use the decay constants f; = 416 MeV and fyig) = 430 MeV [12, 15].
Again, exchange of Higgs boson does not contribute to these two classes of processes since
(0lq|M) = 0. )
The decay rate for V- — [I' (V = J/¥,T) is found to be

_ 8G%.f2
3T

" 1 1 1
(93)2‘611"2 9| |[mi — 3~ M = M(m% —mp)?|, (3.2)

r

where |p)| = \/(m%/ +m} —m})? —4mim?/(2my), and g7 = ¢¢ for V = J/¥ and g¢ =
g?/ for V="7T.
Similarly the rate of a pseudoscalar meson decay P — I’ (P = 7, n,7) is given by
G

/7 |
= aPﬁ\Ell/\Q ;| [(m + mi)ym$ — (mi —mi)?], (3.3)

where |p,| = \/(m%, +m? —m2)? —4m%im?/(2mp), and ap = 1, fp = fr for P =7, and
ap=1/2, fp = f;(/) for P =n""). Note that as in the case of 7~ — n)I, only the s quark
contribution to the decay constant, f ;(,), appears in n(’ ) — [ 1". We find that the constraints

on |ey| from these two body meson decays are rather weak as summarized in table 2. The
constraints obtained are much weaker than those obtained in the previous section.

4 Constraints from M — M'll’

We now consider semileptonic three body decays of the type M — M'll' with M = B, K
and M’ = K, K*, 7, such as B — KIll', B— K*ll', B— 7ll', and K — 7ll’. These decays



can occur through quark level subprocesses b — sl or s — dll’. The FCNC b — s or
s — d transition can arise via Z-penguin and Higgs-penguin diagrams at one loop level
the same way as in the SM. After taking into account the SM effective b-s-Z and b-s-Higgs
couplings (or s-d-Z and s-d-Higgs couplings) [16, 17], the lepton flavor violating FCNC
processes b — sll’ (or s — dll’) can occur at tree level via the couplings given in eq. (1.8).

The decay amplitude for M — M'll' [where M = B (or K); M’ = K, K*, 7 (or 7);
I, I!=e, u, 7 (I #£1))] is given by

M= M7+ M", (4.1)

where M?Z and M" denote the Z-mediated and Higgs-mediated decay amplitude, respec-
tively, in the following form

1 g4
Z * 17 IN| = /
— ——V ”‘/i & C 7 / M o 1 - M
M 5am2 V0" Vit o g AT o(xi) e (M'(P")|7" V(1 —75)d'| M (p))

x [ag (k1) (1 = vs)vr (k2)] (4.2)
9 N m?mg _

"= Zm‘éq/%w‘lméﬂ% e (M'(p")]q" (1 +5)d' | M (p))
x Ly (k1) [(my +my) + (my — my)ys]oe (k) ) (4.3)

where (i) for B — K®Il', ¢ = b and ¢' = s, (i) for B — 7ll', ¢ = b and ¢" = d, (iii) for
K — nll', ¢ = s and ¢" = d. The V;y denotes the CKM matrix element with i = ¢,c,u
and Co(z;) = (z;/8) [(zi — 6)/(x; — 1) + (Bzi + 2) Inz;/(z; — 1)?] with z; = m?/m}, [16].

Compared with the Z-mediated amplitude, the Higgs-mediated amplitude is negligibly
small, since myp > my, m;, so that the Higgs contribution can be safely neglected. For

M /MZ{ is suppressed

example, in the cases of B — K®I' and K — =ll’ decays,
roughly by O(z(mymy/m3)) and O(z(msmy/m3)), respectively.
For B — Pl (P = 7, K), the form factors Fy and Fy (or f, and f_) are defined by

m2. — m2 m2. — m2
(P(0)|57a(1 = 75)bIB(p)) = Fi(¢*) |(p+P)a — %qa + FO(QQ)%QQ
= f+(@) P+ P)a + f-(@*)a, (4.4)

where ¢ = p — p/. For B — K*Il, the form factors V, Ay, A;, and Ay are defined by

2V (¢%)

K* / = 1_ bB — - 6* 00
(" (0, 5901 = 3HB)) = —caspocppl"—— )

i ( - q—qq) (m +mic) (@)

2 2 2
: oo Mp T Mg x As(q”)
o <(p tP)o g qa) ‘ mp + Mg+
2mg+(e* - q
=2 D po(e?) (45)

where € is the polarization vector of the K* meson. For numerical analysis, we use the form
factors calculated in the framework of light-cone QCD sum rules [18]. The ¢? dependence



of the form factors can be expressed as

£(0)
2 bl
1-— G’F:L_Q + bF <q_22)

2
B mp

F(¢*) = (4.6)

where the values of the parameters F'(0), ar and bp for B — 7, B — K and B — K™ are
given in [18].

Summing over the spins of the final leptons, we obtain

dTl'(B — PIl 1 G2%.a? . N3/2(m%, m2, ¢
( . ) _ - F - ‘V;s‘/tb‘Z Cg(xt)lfll’P ( 33 P )
dq 1927 sin® Oy cos? Oy my
2 2
x(1=20)2 [(1+ p) [ F(a®)[* + 3p] fola®)[] (4.7)

where A(a,b,c) = (a — b — ¢)? — 4be, p = m;/(2¢*) and

m2 _m2 2 21 (g2
fO(q2) E( B Al/g()i%(,qnj%_fqg)f (q ) (48)

Here the mass of only one light lepton in the final state has been neglected so that the
parameter p represents the effect of the remaining lepton mass, e.g. m,. Thus, for B — Kepu
decays, p can be neglected. The decay rate for B — K*II’, summed over the spins of the
final leptons and K™, is given by

dU(B — K*Il') 1 G%a?

* 2 N
ds - 76875 sin? Ow cost Oy Vi Vil Cg(xt)]e”/\Q m?é)\l/Q

» {|V(q2)‘2 Sm%sj\

(mp +mx+)?

+]A1(¢D)[* (mp + mic-)? <% + 128)

m? 22
+ \Az(q2)|2 WT
—2m% Re [A1(¢*)A5(¢%)] M} , (4.9)

where r = m3../m%, s = ¢*/m%, and X =1+7r2+s2—2r—2s—2rs. The branching ratios
for B — wll!, B — KIl' and B — K*IlI' can be calculated after the decay rates given in
eqs. (4.7) and (4.9) are integrated in the range (m; +my)? < ¢*> < (mp — myp)? From
the current experimental bounds on those branching ratios, we obtain the constraints on
€, shown in table 3.

For K — 7ll', we normalize the branching ratio to K — n%%tu, and neglect the
phase factor difference [19]. We have

2

B(K+ — 7tll) 202 ViVial® :
1 0,4 = 9.4 4 CO(xt) |€ll’| ’
B(K+ — w0%¢tv,)  7w2sin® Oy cos* Oy | Vs
B(Kp — 7l TK, 202 2

C§ () lew]?, (4.10)

- VisVid
Vus

B(K+ — n0%tv,)  7x+ n2sin? Oy cost Oy



Process Branching Ratio | Constraint on | ,|
BT —atetpu~ <6.4x1073 leeu| ~ O(1)
Bt — ntept <6.4x1073 leeu| ~ O(1)
Bt — ntetyT <1.7x1077 ey < 0.56
Bt — Ktetp™ <91x10°8 |€eu] < 0.18
Bt — Kteput <1.3x1077 €] < 0.21
BT — KtetyT <9.1x1078 €] < 0.12
Bt — Ktpu*trT <7.7x107° leur| ~ O(1)
B — 70t T <1.4x1077 leeul < 0.73
BY — KOt T <2.7x1077 €| < 0.21

B — K*(892)tefpu~ | <1.3x10°¢ leeu| < 7.1 x 1072

— K*(892)Te put | <9.9x1077 leeu| < 6.2 x 1072

— K*(892)%e ;ﬁ <14 x1077 leeu| < 1.7 x 1072

— K*(892)Oe+,u_ <53x1077 leeu| < 4.5 x 1072

— K*(892)%~ <34 x1077 leeu| < 3.6 x 1072

B — K*(892 Oei,ﬁ <58x1077 | e <34 %1072

Kt —atetpy” <1.3x1071 €| < 0.44 [0.8]
KT —ate pu* <52x10710 leeu| ~ O(1)
Kp — mletpu™ <6.2x107? leeu| ~ O(1)

Table 3. Constraints from M — M'Il.

where 7k is the lifetime of the Kaon. Note that the model-dependent form factors do
not appear in the above formulas. Using the experimental value B(K+t — n%tv,) =
(5.08 £ 0.05)% [12], we obtain the constraints on € shown in table 3. Alternatively, the
decay rate for K — mll’ can be calculated by using eq. (4.7). In this case, the mass of muon
is not neglected and the parameter p =m,/ (2¢?). The relevant form factors are given by

TGP = —1 = A

(00 = £ () +

2

fK”( )~ —1— Xog?, (4.11)

mK my2

where A, = 0.067 fm? and \g = 0.040 fm? [20].
way (number shown in the bracket for K™ — 7tet ™) is similar to those obtained by

The constraints on ¢;;; obtained in this

using eq. (4.10) as shown in table 3. The constraints obtained here are again much weaker
than those obtained from 7 — PI.

5 Constraint from muonium-antimuonium oscillation
At tree level, exchange of Z boson can generate an effective Hamiltonian of the form
Hepr = V2G e i, (1 — vs)efin® (1 — 5)e (5.1)

This interaction will result in muonium-antimuonium oscillation.



Process Conversion rate | Constraint on e, |

i — e conversion | < 4.3 x 10712 leeu| < 1.7x 1077
Process Branching Ratio | Constraint on | ,|

po —ete e <1x107%2 leep| < 1.1 x 1076
T~ —eteTe” < 3.6 x1078 leer| < 5.1 x 107%
T —ptuT <32x1078 leur] < 4.9 x 1074
T~ —ptuTe <4.1x1078 leer| < 7.2 x 1074
T~ —ete u” <2.7x1078 leur] < 5.6 x 1074
L — ey <1x10715 leeu| S 1.1 x 1074
T — ey <5x 1071 leer| < 2.4 x 1072
T — <4x107H leur] S 1.5 x 1072

Table 4. Constraints from [; — ljl_kll, l; — ljy decays and u — e conversion.

Process | Branching Ratio | Constraint on |e , |
Z —etut | <1.7x107° |€ep| < 1.8 x 1073
Z —efrt | <98x1076 |eer| < 4.3 x 1073
Z —ptrt | <1.2x107° leur| < 4.8 x 1073

Table 5. Constraints on € from Z — I’ decays.

The SM prediction for muonium and antimuonium oscillation is extremely small. Ob-
servation of this oscillation at a substantially larger rate will be an indication of new
physics. Experimentally, no oscillation has been observed. The current upper limit for
the probability of spontaneous muonium to antimuonium conversion was established at
Py <83 x 1071 (90% C.L.) in 0.1 T magnetic field [21].

In the absence of external electromagnetic fields, the probability P;;,, of observing
a transition can be written as [22] Py, (0T) ~ [6]?/(2I;), where § = 2(M|H,yf|M) and
I, is the muon decay width. For H.y; given above, the transition amplitude is given by
0= 32GF6§u/(\/§ﬂa3) for both triplet and singlet muonium states, where a ~ (am.) ! is
the Bohr radius. The probability P;;,, has strong magnetic field dependence which usually
occurs in experimental situation. With an external magnetic field, there is a reduction
factor Sp, i.e. Pypr(B) = SpPy;p(0T). The magnetic field correction factor Sp describes
the suppression of the conversion in the external magnetic field due to the removal of
degeneracy between corresponding levels in M and M. One has Sp = 0.35 for our case at
B =0.1T [21, 23]. Using this experimental information, one obtains a constraint

leeu] < 4x 1072, (5.2)
This constraint is rather weak compared with that from p — e conversion.

Exchange of Higgs boson will also contribute. But this contribution is suppressed by a
factor mi / m% and can be safely neglected compared with Z boson exchange contribution.
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6 Constraints from l; — ljl_kll, li — v, Z — Il’ decays and p — e
conversion

These processes have been studied in the literature before [9, 10]. For comparison, we
summarize the results for constraints on ¢ for I; — lj[kll, l; — lyy and p — e conversion,
and Z — [I'! in tables 4 and 5, respectively. The most stringent upper bound on €ep| is
of order 107 from p — e conversion in atomic nuclei. The upper bounds on |e.,| and e, |
obtained are of order 10~* from 7 — eée and 7 — pjfip decays.

7 Discussions on the mixing matrix U,y between the light and heavy
neutrinos

We now discuss some implications of the constraints obtained earlier on the model param-
eters. In this model, to the order we are studying, the light neutrino mass is related to
U,n with

Upninstin Upnins = —U, v MsUlly (7.1)
where the light neutrino mass matrix 7, is diagonal:
m,, = diag (mlll?ml/Q?ml/g) = UfT)MNSmuUE;MNS . (72)

Thus, one might think that the elements of U,y are too small to be relevant to the FCNC
discussion, because with only one generation of the light and heavy neutrinos, |U,n| is
simply given by (my/Mg)l/Q. It leads to the fact that for My, > 100 GeV, U,y is less
than 1075, since the light neutrino masses must be less than an eV or so. If with more
than one generation of the light and heavy neutrinos, all elements of U,y are the same
order of magnitudes (the canonical seesaw models), the resulting elements of the e matrix
will all be way below the constraints we have obtained. This makes the model irrelevant
for an experimental detection. The FCNC study of the kind studied here is therefore not
interesting for canonical seesaw models. However, it has been shown that with more than
one generation of the light and heavy neutrinos, there are non-trivial solutions of U, x such
that the right hand side of eq. (7.1) becomes exactly zero but the elements of U, can
be arbitrarily large [24, 25]. Thus, these solutions evade the canonical seesaw constraint
|U,n| = (m,,/Msx)'/? held in the one generation case [24, 25]. It is interesting if one can find
the U, x which satisfies existing experimental constraints by adding small perturbations to
the above non-trivial solutions. A recent study has shown such solutions of U,y that
indeed can have large elements and satisfy the current experimental constraints [25]. In
the following we will describe some of those solutions having relevance to our FCNC study.

Let us indicate the solution of U,y which gives zero light neutrino mass as Uy. We
then add a perturbation Us to Uy such that U,y = Uy + Us. Since UOMEUOT = 0, the

'The numerical values of the bounds shown in table 5 are slightly smaller than those in ref. [10]. Tt
is because the experimental bounds on the branching ratios are given for the sum of the charge states or
particle/antiparticle states indicated [12] so that the decay rate for Z — I’ used in [10] must be doubled

when one uses the experimental results to obtain the constraints on [e,, |.
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neutrino mass matrix is given by
my, = —UgMxU} — UsMsUI — UsMsU] . (7.3)

If the first two terms are not zero, the matrix elements a;; in Uy and d;; in Us are of order
a;j6;5 ~ my, /My, which is much smaller than 1. Since we are interested in having large a;;,
the elements ¢;; must be much smaller than a;;, and the third term, for practical purpose,
can be neglected. If on the other hand, the first two terms are zero, the third term must
be kept. The elements of Us in this case are of order (m, /Ms)/2,
In the basis where My, is diagonal, one can write

- 1 1 1 mpy
My, = My, = diag| —, —, — |my, ro= =, 7.4
p) by g(ﬁ ry r3> N l M, (7.4)
where, for convenience, we have introduced a scale parameter mpy to represent the scale
of the heavy neutrino, which we choose to be the lightest of the heavy neutrinos. The
contribution to € is given by

e=U,nU = UgU] . (7.5)

We show three types of solutions relevant to our study of FCNC: (a) sizeable €12 1323;
(b) sizeable €23 and small €12 13; and (c) sizeable €13 and small €12 93. In case (a), the data
from p — e conversion in atomic nuclei constrain |e12| to be less than 1.7 x 10~ which
makes €13 23 too small to be of interest. We therefore need to find other classes of solutions
where €12 is automatically much smaller than €j323. These are the cases (b) and (c). If
these types of solutions are correct, the constraints from 7 decays discussed previously in
this paper are still relevant for experimental search.

The numerical results will be given by using the central values of Am3, = (7.65+8:§g) X

107°eV? and ‘Am%l{ = (2.40“&3) x 1073 eV?, determined by a recent fit to global

neutrino data [26], and Upyng in the tri-bimaximal form [27] for simplicity

= L
V6 V3
11 1
Uik = | %5 B 75 (7.6)
11 -1
V6 V3 V2
For the details of the following solutions, we refer to ref. [25].
For case (a), a desired solution is given by
a aiv2a 011 012 013
Us =Upmns | b b iv2b | R, U§ =Upmns | 621 622 do3 | R, (7.7)
cc z'\/ic 031 032 033

where R = diag (1 /T1, /T2, A /7“3). There are two types of solutions corresponding to normal
and inverted hierarchies in light neutrino masses, but always one of the masses becomes
zero as follows.

- 12 —
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Figure 1. For case (a), the upper limits on the magnitude of the element of U,y in terms of the
heavy neutrino mass parameter » = r1 + ro + 2r3. The solid and dashed lines correspond to the
normal and inverted hierarchy cases, respectively.

(i) Normal hierarchy:

2 ~
a=0, 1, = diag (o, 1, Z—2> 25bmuy
0.33 0.33—0.977 0.33+0.97i
e=|033+097i 3.1 ~25+1.9i | [o]r, (7.8)
0.33—0.97i —2.5— 1.9 3.1
(ii) Inverted hierarchy:
a? ~
c=0, m, = diag (b_2’ -1, O) 26bmy ,
0.99 0.01 —0.707 0.01 —0.70i
e=10.01+0.704 0.50 0.50 b 7, (7.9)
0.01 +0.704 0.50 0.50

where 6§ = 021 + 022 + i\/§523 and 7 = r1 + 1o+ 2r3. From p — e conversion in atomic nuclei
(lerz] = leep| < 1.7 x 1077), |b|y/r is constrained to be smaller than 4.1 x 10~* (normal
hierarchy) or 4.9x10~* (inverted hierarchy). In both cases, |€13 93| are constrained to be less
than O(10~") which are way below the best constrained from 7 — pfig and 7 — 7% decays.
In figure 1 we show the upper limits from the ;1 — e conversion constraint on the magnitude
of the element b of U,y in terms of the heavy neutrino mass parameter r. Since my is
the lightest of M, r is in the range 1 < r < 4. Depending on the heavy neutrino mass
hierarchy, the value of |b| can be different. With the same constraint, to have the largest
b, one would require the two heavier ones to be much larger than the lightest my. As far
as FCNC processes are concerned, the hierarchy of the heavy neutrinos is not important
because the parameter always involves r. But for the production of a heavy lepton at LHC,
via q¢ — W* — IN or q@ — (Z*,h*) — LE for example, it is preferred to have a larger
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b, because in that case, not the combination |b|?(ry + ro + 2r3) but the individual [b|?r; is
relevant to the production cross section.

For case (b), the following form serves the purpose with the choice U\ = Ué’ + Ugﬁ,y +
U g’ , where

000 a 00 0 8, 0
U =10aia|R, Uy =|1000|[R, U} =]00d,0]|R. (7.10)
0 b ib 000 0 d3p O

Here a is of order [(a, b)d;;]'/2 so that one should keep a? terms in the calculation, neglecting

0;;0; and ad;; terms. The eigen-masses are
O, 2 2
m, = diag(adyy —a®, —2ady — o, 0)my, (7.11)

and so this is an inverted hierarchy case with m,, = 0. Numerically, the matrix e is

given by
000
e=1011]la?p, (7.12)
011
where p = ry + 73. Thus, the constraint |eys| = [€,.| < 4.9 X 10~% from 7 — ppip decays

translates into |al\/p < 2.2 x 1072. Since r1 does not show up in Ug in this case, it would
be more convenient to choose my to be the lightest of Ma 3.

For case (c), the desired results can be obtained by choosing U, = U§ + Ugpy T+
U, with

0 a ia a 00
Us = 00 0 R, Ugm = 600 [|R. (7.13)
0 b b 000

This particular choice allows all the three light-neutrinos to have nonzero masses. Taking
m,, = 0.1eV, two possible solutions are found and give the matrix € as follows.

(i) Normal hierarchy (with m,, =0.0996eV and m,, = 0.111eV):

1 0 0.001 —1.04
€ = 0 0 0 lal®p, (7.14)
0.001 4 1.07 0 1.1

(ii) Inverted hierarchy (with m,, = 0.0996 eV and m,, = 0.0867¢cV):

1 0 0.001 +0.967
€ = 0 0 0 lal®p . (7.15)
0.001 —0.967 0 0.93
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Figure 2. For cases (b) and (c), the upper limits on the magnitude of the element of U,y in terms
of the heavy neutrino mass parameter p = ro + r3. The solid line corresponds to case (b) and the
dot-dashed and dotted lines correspond to the normal and inverted hierarchy cases, respectively, in
case (c).

The bound |eq5] = |e,,| < 4.2x107* from 7 — 7 decays then implies |a|,/p < 2.0x 102
in the two cases. In figure 2 we display the upper limits on the magnitude of the element a
of U, in terms of the heavy neutrino mass parameter p for cases (b) and (c). In this case,
p is in the range 1 < p < 2. With the same constraint, the hierarchy that the heavier of
Ms 3 is much larger than my would be required to obtain the largest a. Similarly to case
(a), concerning FCNC processes, the hierarchy of the heavy neutrinos is not important.
But, concerning the production of a heavy lepton N or £ at LHC, a large cross section
can be obtained for my < 115 GeV [25].

The above examples clearly show that with the constraints from FCNC transitions as
well as from the tiny neutrino masses, the elements of U, 5 can still be large. There is an-
other class of processes which also provides constraints on the elements of U, . These pro-
cesses involve neutral currents conserving lepton flavor and can be used to test deviations
from the SM predictions for electroweak precision data (EWPD) [28]. They have been mea-
sured mainly at LEP and provide bounds on the combinations of the diagonal elements of
U,n. The constraints extracted from the EWPD are |(U,n )| < O(0.01) [28]. In contrast,
the FCNC constraints discussed above involve combinations containing the off-diagonal
elements and impose more stringent constraints, such as |e1a| = |, (Uun) k(Ui )2k| <

1.7 x 10~7. The non-zero elements of U, in the two examples we give above with sup-
pressed €19, being at most of 0(0.01), satisfy all these constraints.

Large elements of U,y also have important implications for a direct test of the model by
producing the heavy neutrinos at LHC. The elements of U, with the magnitude of order
0.01 are large enough to be detectable at LHC [25]. The heavy neutrino N can be produced
through the mixing via ¢q¢ — W* — [T N. Similarly, the heavy charged lepton E can also
be produced through the mixing via ¢§ — (Z*,h*) — I*ET and ¢ — W* — vE*. At
LHC the production cross section for a single heavy neutrino N can be larger than 1fb
if the heavy neutrino mass is less than 115 GeV with the elements of U,y being 0.01.
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The production cross section of a single E is slightly smaller. This can provide useful
information about this model.

8 Conclusions

We have systematically studied various FCNC processes in the lepton sector in the frame-
work of Type III seesaw model. Using the current experimental results, we have put the
constraints on the parameters ¢;r which are responsible for tree level FCNC in the charged
lepton sector. The new processes that have been considered are: the LFV processes 7 — P,
T—=VILV =U,P—1l' M— M1 and muonium-antimuonium oscillation.

Although exchange both Z and Higgs bosons at tree level can induce FCNC in charged
lepton sector, we find that there is no contribution from Higgs exchange in the processes
7 — P(V)l and V(P) — Il', and the effects of Higgs exchange are negligibly small in the
last two classes of processes.

We now compare constraints on various FCNC parameters obtained from processes
considered in this work with those obtained in previous studies. It turns out that with
currently available experimental data, the LF'V processes considered in this work involving
7 leptons provide very stringent constraints on the FCNC parameter ¢;,. Our results show
that the most stringent constraint on €., comes from 7 — 7’ decay with l€er| < 4.2 % 1074,
7 — pPu and 7 — 70 give very stringent constraints on €ur With |e,r] < 6.8 x 10~* and
leur| < 7.0 x 1074, respectively, comparable with |e,,| < 4.9x 10~% obtained from 7 — pufiu
in previous studies. The strongest constraint on €., comes from j — e conversion in atomic
nuclei studied previously with |e.,,| < 1.7 x 1077, The new constraint on €., obtained from
processes considered in this work is much weaker.

Two body meson decays, such as T(3S) — II', J/W — II', 7 — II' and n") — I, provide
rather weak bounds on |e;| at most of order 107!, The constraints from semileptonic three
body B or K decays of the type M — M’'Il' are also rather weak with upper bounds on
leqr| in the range O(1072) ~ O(1).

In the canonical seesaw models, where the elements of U,y are of the same order of

1/2 it is not possible to

magnitude as that for an one generation seesaw model, (m, /my)
have elements of € which are sufficiently large to reach the FCNC bounds studied in this
paper. The FCNC effects studied are therefore not interesting for the canonical seesaw
models. However, with more than one generation of light and heavy neutrinos, in certain
special circumstances the mixing is not constrained directly by the tiny neutrino masses
and therefore can be large. Thus in this class of seesaw models, it is possible to have large
FCNC interactions. These circumstances have been studied by several groups [24, 25]. We
find some example solutions which can lead to the FCNC parameters ¢;; large enough to
reach the constraints obtained here. The search for FCNC effects can still provide further
information on the seesaw models. We comment that efforts in constructing models with
certain symmetries to evade the canonical seesaw constraints on the mixing matrix U,y
have been made in various ways [29]. It would be interesting to further study related
phenomenology to test these models.
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We would like to comment that in some processes considered in this work it is possible
to have CP violating signatures, such as lepton and anti-lepton decay rate asymmetries,
and asymmetries in Z decays into /I’ and Il [30]. To have non-zero effects, one needs not
only a weak phase appearing in CP violating couplings coming from the complex ¢;; and
Upyrns matrix, but also a strong phase appearing in an absorptive part from loop induced
decay amplitudes. Since we consider that the heavy seesaw scale M is heavier than Z, no
absorptive part will be developed with the heavy triplets in the loop. Only light degrees of
freedom in the loop for Z decays into II’ and Il can generate the absorptive parts which are
generally small. The resulting CP violating effect will therefore be small. If polarizations
of the initial and final particles can be measured, it is possible to construct CP violating
observables which does not need the absorptive parts [31]. We will carry out the detailed
studies elsewhere.

Finally let us comment on several possible improvements on ¢;; from future experi-
ments. Improved data for 7 — Pl and 7 — V' decays at various facilities, such as B and
7-Charm factories, can improve the bounds on ¢;. Bounds from V — I’ and P — Il
can also be improved, but may not be able to compete with constraints from other ex-
periments. The current bound from B — Kpur is rather weak. But at LHCb about 102
bb pairs are expected to be produced each year, and this decay mode may be useful in
improving bound on ¢,,. Rare kaon decays will be studied at J-PARC with high precisions
so that the current weak bounds from kaon decays may also become much stronger. But
bounds obtained may still not be competitive with others. p — e conversion in atomic
nuclei will also be studied at J-PARC with several orders of magnitude improvement in
sensitivity. Constraint on €., can be improved by more than an order of magnitude. It may
be very difficult to improve constraint on €., from muonium-antimuonium oscillation to
the level ;1 — e conversion can achieve. At present Z — II’ do not provide the best bounds
on ¢;. However, the Giga-Z modes at future colliders, such as ILC, the sensitivity can be
improved by up to three orders of magnitudes [32]. Future studies of Z — er and Z — ur
may improve the bounds on €., and €,,. It is clear that FCNC effects in Type III seesaw
model can be further tested.
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